We study the holographic principle of the two-point function in the case of a spinning string in the AdS/CFT correspondence. Following the general method proposed by Yoneya et al. for the bulk-boundary correspondence in the large J limit, we study the spinning string solution which starts and ends at the boundary. We then show that the spinning string solution directly gives a two-point function that is consistent with the spin chain picture in gauge theory. * )
§1. Introduction
One of the most remarkable aspects of the AdS/CFT correspondence 1)-3) (see Refs. 4) and 5) for reviews) is that it can be regarded as a holographic relation between the bulk string theory and the corresponding gauge theory on the boundary. The GKP-Witten relation 2), 3) gives the explicit connection between the physical quantities involved in particular the correlation functions. Also, it is the power of the AdS/CFT correspondence that this correspondence can be considered a weak/strong duality, and thus we may learn something about strong coupling physics, such as confinement, by using AdS/CFT. For this reason,
we are particularly interested in the dynamics of Wilson loops in the bulk picture. Wilson loops are considered to be the ends of the string worldsheet in the bulk picture, and we can determine the vacuum expectation value of the Wilson loops by calculating the area of the worldsheet. 6), 7) In recent, various surfaces corresponding to several Wilson loops have been studied. 8), 10)-16) However, since the AdS/CFT correspondence is effective in the region of strong coupling in gauge theory, it is difficult to compare bulk quantities with the boundary values, except in highly supersymmetric cases, in which higher-loop effects can be ignored.
Concerning the relation between AdS quantities and CFT quantities, Berenstein, Maldacena and Nastase proposed a method to compare the string energy spectrum with the conformal dimensions of boundary operators directly for the special case, 17) in which the string has an infinitely large orbital angular momentum, J ∼ R 2 . They took the limit J, λ → ∞, withλ ≡ λ J 2 ≪ 1 fixed. Since theλ expansion is effective in both string theory and gauge theory, we can compare physical quantities in the two cases order by order. The corresponding operators in gauge theory are called BMN operators. The BMN operators are still near-BPS. Subsequently, the correspondence was generalized to operators that are far from BPS, having the same large J limit, but with more charges of non-BPS operators.
18), 19)
This is known as the spinning string/spin chain correspondence.
20)
As a further development of the spinning string/spin chain correspondence, it has been found that the string nonlinear sigma model action is identical to the continuum coherent state effective action of a spin chain.
21), 22) The mapping of a spinning string/spin chain is derived by directly relating each coordinate with a spin chain field. Specifically, the string configuration corresponds to the coherent state expectation value of the spin chain, namely, the 'long' scalar local operator. Thus, the action of the string non-linear sigma model coincides with the coherent state effective action of the spin chain.
In these approaches, the string is always at the center of AdS space. However, from the viewpoint of holography, these relations should be realized as the correspondence between the bulk of AdS space and its conformal boundary, as formulated by the GKP-Witten relation for correlation functions. In the case of the BMN limit, this puzzle was resolved by Dobashi, Shimada and Yoneya 23), 24) by employing a tunneling picture, in which the correlators are directly obtained by considering the bulk trajectories from the boundary to the boundary.
Using this method, they proposed a definite holographic relation for 3-point correlation functions.
25)-28)
In the present paper, we investigate the holographic two-point functions which are related to the spinning strings. The holography of the one-point function of a single Wilson loop is studied in Refs. 6) and 7) , in which the boundary of the string worldsheet is regarded as the Wilson loop, and the one-point function is obtained by calculating the area of the worldseet.
In our case, the boundary operator cannot be regarded as the usual Wilson loop, because it has fixed R-charges. We can assume that the states corresponding to the boundaries of the worldseet are the spin chain coherent states from Refs. 21) and 22). We can then compute the two-point function of the boundary operator by calculating the action of the 'tunneling' spinning string solution. This approach is useful for clarifying the holographic interpretation of spinning strings.
In §2, we study the tunneling picture of the spinning string solution after reviewing the spinning string solution with S 5 angular momenta (J 1 , J 2 ) and the method of Yoneya et al. In §3, we calculate the action of the tunneling spinning string solution and obtain the two-point correlation function of the boundary operator in the holographic description.
We find that this boundary operator has a definite conformal dimension. This result has a very natural interpretation from the viewpoint of the configuration mapping discussed in Refs. 21) and 22). We regard the radial direction of AdS space as the affine time direction of the Euclideanized geodesic, while the endpoint at the boundary corresponds to spin chain coherent states. The spin chain states have definite conformal dimensions, once the appropriate Bethe root configuration is given. Finally, we conclude our work and mention some future directions in §4. §2. 'Tunneling' spinning string solution
Spinning string solution
First, we review the usual spinning string solution with two large angular momenta J 1 and J 2 .
30), 31)
The Polyakov action is
where g is the worldsheet metric and G is the space-time metric.
The
in global coordinates. Note that we denote the golobal time coordinate by t g . We choose the gauge such that det g ab = −1, g 01 = 0, g 00 = −η, ∂ σ η = 0. Then, we choose the solution of the equation of motion as
The other variables, ρ, θ, γ and ψ depend only on the σ coordinate and satisfy the boundary conditions of a closed string.
With the system described above, we have five conserved charges and the charge of the global time translation given by
where λ is the 't Hooft coupling constant. From the equation of motion, we can choose
This solution possesses two nonzero angular momenta. The equation of motion for ψ then
Here the primes represents differentiation with respect to σ.
From the equation of motion for η, we get
This equation connects the AdS parameter to the S 5 parameters. Of course, this equation is consistent with the gauge fixing conditions that η be independent of σ, as seen from (2 . 6).
Also, it is clear from the form of (2 . 7) that η does not depend on τ .
We solve these equations in the case of a folded string. We assume
where ψ 0 is the value of ψ at which ψ ′ = 0. Then we can compute
where 2 F 1 (α, β, γ; z) is the hypergeometric function and E(x) is the elliptic integral of the second kind. Similarly, we have 10) and E = √ ληκ.
Using these equations and J 1 + J 2 = J, we can write x and E in terms of J 1 and J 2 . In order to do so, we must solve the equations
Here, K(x) is the elliptic integral of the first kind. Now, we take the BMN limit (λ, J → ∞, λ J 2 ≡λ ≪ 1) and expand
12)
Then we solve the equations order by order and get
14)
15)
Here, ǫ 1 and ǫ 2 are known to coincide with the one-and two-loopλ order expansion of the spin chain energy, respectively, calculated by using the Bethe ansatz. It is known that the threeloop expansion is inconsistent, and this is called 'the three-loop discrepancy'. Explaining these mismatches remains an important unsolved problem.
Tunneling picture of a spinning string
In this solution, the string is at the center of AdS space, but we want a solution which comes from the boundary and goes to the boundary from the holographic point of view. and ϕ 2 coordinates in target space to keep the solution a real function. As a result, the quantum numbers are kept real.
The AdS 5 metric in Poincarè coordinates is 17) and the S 5 metric is that used above. Since we consider a spinning string, we assume that it is point-like in AdS space and has extension only in the S 5 directions. That is, we assume that z and t depend only on the τ coordinate. Also, we assume
for the center of mass. As in the previous subsection, ψ and θ depend only on the σ coordinate. Then we perform Wick rotations as τ → −iτ, t → −it,
Employing the same gauge as in the previous subsection, the equations of motion are
where we take the spinning string solution for the S 5 coordinates, that is
A solution which comes from the boundary and goes to the boundary is 
where S is the worldsheet action of this solution and C 1 and C 2 , which form its boundaries, are loops corresponding to string configurations. * ) This is, of course, a natural extension of the ansatz proposed in Refs. 6) and 7). From this point of view, double Wilson loop correlators have already been calculated for some special cases. 8), 11) We apply this relation to the spinning string/spin chain correspondence. In the spinning string case, the solution has fixed angular momenta in the S 5 directions, and therefore the boundary conditions are not Dirichlet conditions for some directions. For this reason, the boundary operator should not be the usual Wilson loop but, instead, an operator which has fixed R-charge. This operator should be related to the spin chain.
Double Wilson loop correlator and OPE
Before calculating the worldsheet action, we discuss the double Wilson loop correlator within the field theory description. We assume the relation between the usual Wilson loop and the fixed R-charge operator in order to justify the application of the holographic relation (3 . 1) to the spinnig string case. * ) The Gross-Ooguri transition 9) occurs when the boundary objects are extended in the AdS direction.
However, in our work, we treat objects that are extended in S 5 space but are point-like in the AdS direction.
Thus, the Gross-Ooguri transition does not occur, but a semiclassical calculation is still valid, because it is extended in S 5 space.
When we consider small Wilson loops, we can expand them as
where a is the characteristic size of the Wilson loop, {O
i } is a set of operators with conformal weights ∆ (n) i , and c (n) i are the coefficients, which depend on each loop C. Then, the connected part of the correlator of the double Wilson loops becomes
Here, 2α is the distance between the two loops. Thus, we can write the Wilson loop operator as an infinite sum of the two-point functions of the operators which have various definite conformal dimensions. Note that the scale parameter a appears here because of the dimensionless property of Wilson loops.
In general, we have to choose some special configurations for the loops C 1 and C 2 . Here, we want to consider the particular case in which the boundary objects have the definite R-charge (J 1 , J 2 ). Actually, these are not Wilson loops in the naive sense, because we fix the angular momenta with respect to S 5 , not the loops C 1 and C 2 . More precisely, we are considering an object like It is desirable to develop a systematic method to explicitly construct the wave functions Ψ J i (C) corresponding to spinning strings, but this is not necessary for the purpose of the present work.
Calculation of the worldsheet action
Now, we compute the worldsheet action of the tunneling spinning string solution. This action is given by
The two fixed angular momenta are
As in Ref. 32) , with the condition of two fixed angular momenta at the boundary, we have to perform a Legendre transformation of the coordinates ϕ 1 and ϕ 2 . This yields
Solving the equation of motion for η, we obtain
Note that η is independent of τ and σ.
From the above constraint, we obtain the action in the form
Hence, this action is infinite, because of the infinite length of the AdS trajectory. Therefore, we must regularize this expression in order to obtain the dependence of the distance between the two loops.
Regularization
In the case of a one-point correlator, 6), 7) the physical value is obtained by subtracting the infinite quark mass contribution. In our case, we have to subtract similar infinite contributions.
In Eq. (2 . 21), we can also consider a solution with constant t,
where Λ is an arbitrary parameter. Because the S 5 part is unchanged, we have to choosẽ β = β from the constraints. We can use this solution in order to subtract infinities. Explicitly, we consider the ratio of the two-point function determined by (3 . 10) to the product of the two one-point functions whose boundaries are at t = ±α (Fig. 1) , corresponding to the two ends at the boundary (see Fig. 1 ). If we define S 1(t) as the action for the one-point function at t, the regularized action To relate T andT , we assume that z at τ = T for the original solution is the same as z at τ =T for the regulator solutions:
1 Λ exp (−βT ) = α cosh βT → 2α exp (−βT )(T → ∞). 
